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The critical and compensation temperatures of the bilayer Bethe lattices with one of
the layers having only spin-1/2 atoms and the other having only spin-1 atoms placed
symmetrically are studied by using exact recursion relations in a pairwise approach.
The Hamiltonian of the model consist of the bilinear intralayer coupling constants of the
two layers J1 and J2 for the interactions of the atoms in layers with spin-1/2 and spin-1,
respectively, and the bilinear interlayer coupling constant J3 between the adjacent atoms
with spin-1/2 and spin-1 of the layers. After obtaining the ground state phase diagram
with J1 > 0, the variations of the order-parameters and the free energy are investigated
to obtain the phase diagram of the model by considering only the ferromagnetic ordering
of the layers, i.e. J1 > 0 and J2 > 0, and ferromagnetic or antiferromagnetic ordering
of the adjacent spins of the layers, J3 > 0 or J3 < 0, respectively. It was found that the
system presents both second- and first-order phase transitions and, tricritical points. The
compensation temperatures was also observed for the appropriate values of the system
parameters.

KEY WORDS: tricritical, compensation, layer, Bethe lattice, Recursion relations,
spin-1/2, spin-1
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1. INTRODUCTION

In the recent years, in addition to one layer systems, the study of magnetic thin
films consisting of various magnetic layered structures or superlattices has been
receiving intense attention for both theoretical and experimental reasons.(1) These
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materials are made up with multiple layers of different magnetic substances, thus
there is a high potential for technological advances in information storage and
retrieval and in synthesis of new magnets for a variety of applications.(2) They
also present some interesting novel magnetic properties such as giant magnetore-
sistance,(3) surface magnetic anisotropy,(4) enhanced surface magnetic moment(5)

and surface magnetoelastic coupling.(6)

Maybe the most studied multilayer system is the one with spin-1/2 and
which was considered by using different techniques such as; effective field
theory (EFT),(7) EFT based on a probability distribution technique that ac-
counts for the self-correlation function,(8) linear cluster approximation (LCA),(9)

the finite cluster approximation (FCA),(10) where in the first reference the
results were also presented in a mean field theory (MFT),(11) Monte Carlo
(MC) simulations,(12) Bethe-lattice approach (BLA),(13) Husimi tree approx-
imation (HTA)(14) and on the Bethe lattice (BL) by using exact recursion
equations.(15)

The next highest spin system is the spin-1 and which was also considered
in the study of the multilayer systems, i.e. with MFT,(16) in the cluster variation
method in the pair approximation (CVMPA), with MC simulation,(18) and on BL
with and without crystal field effects,(19) respectively. We should mention that there
are also some other works with higher spins which also include the multilayered
systems.

In addition, the molecular-based magnetic materials with spontaneous mag-
netic moments are of great interest for their potential applications such as in
thermomagnetic recording and in devices(20) and it is believed that ferrimagnetic
ordering plays a crucial role in some of these materials. Therefore, the synthesis
of new ferrimagnetic materials is an active field in material science. The fer-
rimagnetic materials consist of two unequal magnetic moments, i.e. a bipartite
lattice with spin-σA and spin-σB with σA �= σB , which interact antiferromagnet-
ically, therefore, their moments do not cancel each other at low temperatures
except at the compensation temperatures. The existence of compensation temper-
atures in ferrimagnets has an interesting application such as the magneto-optical
recording.(21)

A variety of configurations of spins on a bilayer Ising model system with
spin-1/2 on one layer and a higher spin on another has been attracting a great
deal of attention also: A ferromagnetic amorphous bilayer system consisting of
two monolayers (A and B) with different spins (SA = 1/2 and SB = 1/2, 1) and
different interaction constants coupled together with an interlayer coupling was
studied by using the EFT.(22) The critical temperature and the layer longitudinal
magnetizations of a ferromagnetic or ferrimagnetic mixed Ising bilayer system
with both spin-1/2 and spin-1 (or spin-3/2) in a crystal field were investigated by
using EFT with a probability distribution technique.(23) The ferromagnetic or fer-
rimagnetic bilayer system consisting of two magnetic monolayers (A and B) with
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different spins (SA = 1/2 and SB = 1, 3/2) and different interaction constants
coupled together in a transverse crystal field were studied within the framework
of EFT with correlations.(24) The differential operator technique was applied in
studying the ferrimagnetic bilayer system with biaxial crystal field within the
framework of EFT.(25) A ferrimagnetic bilayer system consisting of spin-1/2 and
spin-3/2 Ising layers in an applied transverse field were examined by the use
of EFT.(26) A ferromagnetic amorphous bilayer system consisting of two mag-
netic monolayers with spin-1/2 and spin-3/2 and different interaction constants
coupled together with interlayer coupling was studied by the use of the EFT.(27)

Transition temperatures of a bilayer system with (A)2(Ap B1−p)1(B)2 consisting
periodically of two layers of spin-1/2 A atoms, two layers of spin-3/2 atoms and
an interface with alloying type (Ap B1−p) disorder were examined by using the
EFT.(28) The effects of an applied transverse magnetic field on magnetic prop-
erties in a ferrimagnetic bilayer system with disordered interfaces consisting of
spin-1/2 and spin-3/2 atoms were investigated with the use of the MFT.(29) The
magnetic properties of a ferromagnetic bilayer system consisting of spin-1/2 and
spin-3/2 Ising layers in an applied transverse field were examined by the use
of EFT.(30) The spin configurations in the absence of an external magnetic field
have been systematically investigated for a magnetic bilayer system of two fer-
romagnetic layers separated by a non-magnetic layer with exchange interlayer
coupling.(31)

In this paper, the bilayer model with one of the layers containing only
spin-1/2 atoms and the other having only spin-1 atoms, each of them are al-
lowed to interact ferromagnetically with bilinear intralayer interactions J1 and
J2, respectively, and with bilinear interlayer interaction J3 between the layers
either ferromagnetic or antiferromagnetic interactions, is studied by using the
exact recursion relations in a pairwise approach (meaning that one spin from
the upper layer with spin-1/2 and whose adjacent nearest-neighbor spin with
spin-1 from the lower layer form a pair) on the Bethe lattice.(32) Besides the
ground state phase diagram, the phase diagrams of the model are also calculated
by studying the variations of the order-parameters and the free energy of the
system.

We have organized the rest of the paper as follows. In Sec. 2, bilayer Ising
model is introduced and then the ground state phase diagram is obtained and
discussed. In Sec. 3 we have obtained the order-parameters and free energy of the
system in terms of the recursion relations exactly. In Sec. 4 we have presented the
thermal and J3/J1 change of the total and staggered magnetizations of the two
layers and also the spin-spin correlation function between the nearest-neighbor
spins of the adjacent layers, thus the phase diagram of the model is obtained on
the (kT/J1, J3/J1) plane for given values of J2/J1 and q. Finally in the last section
we give a brief summary and discussions.
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2. BILAYER BETHE LATTICE AND ITS GROUND STATES

In the bilayer version of the Bethe lattice,(19, 32) each spin far from the bound-
ary sites, i.e. deep inside, has q nearest-neighbors (NN) from its own layer and one
adjacent NN from the other layer, therefore, in total each spin has q + 1 neigh-
bors. Thus, the Hamiltonian including all the NN bilinear spin interactions on the
bilayer Bethe lattice away from the boundaries may be written as

H = −J1

∑

〈i j〉
Si S j − J2

∑

〈i ′ j ′〉
σi ′σ j ′ − J3

∑

〈i i ′〉
Siσi ′ , (1)

where Si refers to spin-1/2 with values ±1/2 on layer G1 and σi ′ refers to spin-1
with the values ±1 and 0 on layer G2, J1 and J2 are the intralayer bilinear
interactions of the layers and the first and second summation runs over all sites of
G1 and G2, respectively. J3 is the interlayer bilinear interaction of the NN spins
between the layers G1 and G2, thus the third summation runs over all the adjacent
neighboring sites of G1 and G2.

In order to obtain an exact formulation of the model, one needs to introduce
the order-parameters. It should be mentioned that in the thermodynamic limit, i.e.
the number of shells go to infinity, all sites deep inside the bilayer BL with same
kinds of spins are equivalent. Therefore, one can pick two adjacent NN spins,
i.e. spin-1/2 from G1 and spin-1 from G2, as the central pair. As a result, the
spin-1/2 of the central pair from G1 and spin-1 of the central pair from G2 have
the magnetizations defined as

m1 = 〈S0〉 and m2 = 〈σ0′ 〉 (2)

our first two order-parameters, respectively, and where 〈...〉 refers to the usual
thermal average. Instead of these order-parameters, without loss of general-
ity, it is much appropriate to use the total magnetization m and the staggered
magnetization η

m = 1

2
(m1 + m2) , η = 1

2
(m1 − m2) (3)

as two of the order-parameters of the model. The last order-parameter is the spin-
spin correlation function of the adjacent NN spins in the central pair and defined
as

ρ = 〈S0σ0′ 〉 − 〈S0〉〈σ0′ 〉 (4)

In order to determine the stable solutions of the model, first we have obtained the
ground state phase diagram for J1 > 0, ferromagnetic interaction in layer G1, on
the (J2/|J1|, J3/q|J1|) plane. Thus, the ground-state energy in units of |J1| may
be described by the following Hamiltonian:
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Fig. 1. The ground state phase diagram of the bilayer spin-1/2 and spin-1 Ising model for J1 > 0.
Five different phases depending on the spin configurations are indicated as: ferromagnetic (Ferro),
ferrimagnetic (Ferri), mixed (M), antiferromagnetic (A) and surface ferromagnetic (SF), which are all
separated by multiphase lines.

E

q|J1| = −
∑

〈plaq〉

[
J1

|J1| Si S j + J2

|J1|σi ′σ j ′ + J3

q|J1| (Siσi ′ + Sjσ j ′)

]
. (5)

Here the summation goes over all the plaquette and each plaquette consists of
four nearest-neighbor pair of the two-layer system with one pair 〈i j〉 with spin-1/2
only on layer G1, one pair 〈i ′ j ′〉 with spin-1 only on layer G2, and two pairs 〈i i ′〉
and 〈 j j ′〉 connecting layers G1 and G2 between the two spin-1/2 and spin-1 pairs
only.

The ground state phase diagram, Fig. 1, is obtained by comparing the values
of the energy E/q|J1| for different spin configurations and then the ground state
configurations are the ones with the lowest energy for given values of J2/|J1|
and J3/q|J1|. As a result, we have obtained five different types of ground state
configurations with the following values of the order-parameters (m, η, ρ):

I. Ferromagnetic (Ferro) m = ±3/4, η = ∓1/4, ρ = 0,
II. Ferrimagnetic (Ferri) m = ±1/4, η = ∓3/4, ρ = 0,
III. Mixed (M) m = 0, η = 0, ρ = 1/2,
IV. Antiferromagnetic (A) m = 0, η = 0, ρ = −1/2,
V. Surface Ferromagnetic (SF) m = ±1/4, η = ±1/4, ρ = 0.
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As shown in the figures the coordinates (J2/|J1|, J3/q|J1|) of the multiphase
points are

A1 → (−0.25, 0.5), B1 → (0, 0),

C1 → (−0.25,−0.5), for J1 > 0. (6)

Phase I represents the usual ferromagnetic (Ferro) ordering, i.e the ordering in
layers G1 and G2 and between them are totally ferromagnetic. Phase II presents
ferromagnetic ordering in G1 and G2, separately, but magnetizations in G1 and
G2 are antiparallel, that is the interlayer ordering is antiferromagnetic type. The
magnetizations of the two layers do not cancel each other, i.e. spin-1/2 and spin-1,
so this phase is called as the ferrimagnetic (Ferri) phase. Phase III shows antifer-
romagnetic ordering (A) in both layers (m1 = m2 = 0) where interlayer ordering
is ferromagnetic type, therefore as a whole the system is in a mixed phase (M).
Phase IV illustrates the totally antiferromagnetic (A) ordering, i.e. the interaction
in both layers and in between the layers are antiferromagnetic. Phase V represents
the ferromagnetic ordering which is equivalent to the case that the ground state of
one layer is ferromagnetic and the ground state of another layer is antiferromag-
netic, thus called as the surface magnetic phase (SF). These phases are indicated
with (S0, S1) and (σ0′ , σ1′ ) pairs in the figures for layers G1 and G2 with small and
big arrows, respectively.

The ground state phase diagram of this spin-1/2 and spin-1 bilayer system is
qualitatively similar with the ground state phase diagrams of the bilayer system
with single type spins, i.e. spin-1/2, spin-1 and spin-3/2 in Ref. 32, respectively.
But the values of the multiphase points of this work are different when compared
with the corresponding values for the spin-1/2, spin-1 and spin-3/2 bilayer systems
which all have the same values.

3. THE CALCULATIONS OF THE ORDER-PARAMETERS

AND THE FREE ENERGY OF THE BILAYER SYSTEM

In order to obtain the order-parameters and the free energy in terms of
the recursion relations on the bilayer Bethe lattice, first we have to calculate
the partition function of the system by using the Ising Hamiltonian given in
Eq. (1). It is assumed that adjacent NN spins of G1 and G2 are considered as
pairs each of which has one spin-1/2 and one spin-1 atoms. The first pair deep
inside the bilayer lattice is called the central pair which forms the first-generation
spins. This central pair of spins connected by q NN spin pairs, i.e. coordination
number, which forms the second-generation spins. Each pair of spins in the second-
generation is joined to (q − 1) NN’s. Therefore, in total the second-generation has
q(q − 1) NN’s which form the third-generation and so on to infinity.(32) As a result
each spin has (q + 1) NN spins, q spins from the layer it belongs to, i.e. with
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same type of spin, and one from the adjacent layer, i.e. with the other type of
spin.

Let us start with the partition function defined as

Z =
∑

All Config.

e−βH =
∑

Spc

P(Spc), (7)

where P(Spc), Spc refers to the spin configurations, can be thought of as an
unnormalized probability distribution. Starting from the central pair of spins on
the Bethe lattice, one reaches to one of the pair spins at the boundary by moving
on any path of the tree, which is made up with separate branches connecting
each of the pair of spins, therefore, for the full formulation one has to define the
partition function for each of these separate branches named as gn(S, σ ). It should
be mentioned that each spin with spin-1/2 can take the values ±1/2 and with
spin-1 can take the values ±1 and 0, therefore, for the bilayer model we have to
define six gn(S, σ ) functions for 2 × 3 = 6 configurations for each pair of spins
at their sites. Thus in this pairwise approach,(32) five exact recursion relations are
defined as the ratios of these partition functions of the separate branches on the
bilayer Bethe lattice as

An = gn

(
1
2 , 1

)

gn

( − 1
2 , 0

) , Bn = gn

(
1
2 , 0

)

gn

( − 1
2 , 0

) , Cn = gn

(
1
2 ,−1

)

gn

( − 1
2 , 0

) ,

Dn = gn

( − 1
2 , 1

)

gn

( − 1
2 , 0

) , En = gn

( − 1
2 ,−1

)

gn

( − 1
2 , 0

) , (8)

Note that each recursion relation is a function of the recursion relations for
the NN shell with (n − 1), therefore, these equations are totally nonlinear in
their nature, thus in order to obtain their numerical values for given system
parameters numerical methods have to be carried out. We should also men-
tion that the choice of what ratios of these gn(S, σ ) functions is to be taken
is totally arbitrary. Hence the explicit formulations of the recursion relations
are

An = [
eβ(J1/4+J2+J3/2) Aq−1

n−1 + eβ(J1/4) Bq−1
n−1 + eβ(J1/4−J2−J3/2)Cq−1

n−1

+ eβ(−J1/4+J2−J3/2) Dq−1
n−1 + eβ(−J1/4−J2+J3/2) Eq−1

n−1 + eβ(−J1/4)
]/

�1,

Bn = [
eβ(J1/4+J3/2) Aq−1

n−1 + eβ(J1/4) Bq−1
n−1 + eβ(J1/4−J3/2)Cq−1

n−1

+ eβ(−J1/4−J3/2) Dq−1
n−1 + eβ(−J1/4+J3/2) Eq−1

n−1 + eβ(−J1/4)
]/

�1,

Cn = [
eβ(J1/4−J2+J3/2) Aq−1

n−1 + eβ(J1/4) Bq−1
n−1 + eβ(J1/4+J2−J3/2)Cq−1

n−1

+ eβ(−J1/4−J2−J3/2) Dq−1
n−1 + eβ(−J1/4+J2+J3/2) Eq−1

n−1 + eβ(−J1/4)
]/

�1,
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Dn = [
eβ(−J1/4+J2+J3/2) Aq−1

n−1 + eβ(−J1/4) Bq−1
n−1 + eβ(−J1/4−J2−J3/2)Cq−1

n−1

+ eβ(J1/4+J2−J3/2) Dq−1
n−1 + eβ(J1/4−J2+J3/2) Eq−1

n−1 + eβ(J1/4)
]/

�1,

En = [
eβ(−J1/4−J2+J3/2) Aq−1

n−1 + eβ(−J1/4) Bq−1
n−1 + eβ(−J1/4+J2−J3/2)Cq−1

n−1

+ eβ(J1/4−J2−J3/2) Dq−1
n−1 + eβ(J1/4+J2+J3/2) Eq−1

n−1 + eβ(J1/4)
]/

�1. (9)

In the thermodynamic limit (n → ∞) these recursion relations determine the
states of the system, therefore, they may be called as the equations of state. The
magnetization of the central spin with spin-1/2 in layer G1

m1 = 〈S0〉 =
{

1

2
eβ J3/2 Aq

n + 1

2
Bq

n + 1

2
e−β J3/2Cq

n

−1

2
e−β J3/2 Dq

n − 1

2
eβ J3/2 Eq

n − 1

2

}/
	2, (10)

the magnetization of the spin-1 of the central pair in layer G2

m2 = 〈σ0′ 〉 = {
eβ J3/2 Aq

n − e−β J3/2Cq
n + e−β J3/2 Dq

n − eβ J3/2 Eq
n

}/	2, (11)

and the spin-spin correlation function between the spins of central pair is expressed
by

ρ = 〈S0σ0′ 〉 − 〈S0〉〈σ0′ 〉 =
{

1

2
eβ J3/2 Aq

n − 1

2
e−β J3/2Cq

n

− 1

2
e−β J3/2 Dq

n + 1

2
eβ J3/2 Eq

n

}/
	2 − m1m2, (12)

where

	2 = eβ(J3/2) Aq
n + Bq

n + eβ(−J3/2)Cq
n + eβ(−J3/2) Dq

n + eβ(J3/2) Eq
n + 1 (13)

In addition to the behaviors of the order-parameters, we also need the free energy
in terms of the recursion relations to obtain the phase diagrams of the model.
Therefore, the free energy of the bilayer Bethe lattice is given as

−βF = Log(	2) + q

2 − q
Log(	1) (14)

and which is used to find the places of the first-order phase transition temperatures
and the stable solutions of the model and where

	1 = eβ(−J1/4+J3/2) Aq−1
n−1 + eβ(−J1/4) Bq−1

n−1 + eβ(−J1/4−J3/2)Cq−1
n−1

+ eβ(J1/4−J3/2) Dq−1
n−1 + eβ(J1/4+J3/2) Eq−1

n−1 + eβ(J1/4). (15)
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Meanwhile, it should be reminded that in order to obtain the variations of the order-
parameters and the free energy for given system parameters, first the recursion
relations are calculated by using an iteration scheme for given initial values of
the recursion relations, which may yield more than one solutions with different
free energies, then the found values of the recursion relations are inserted into
the definitions of the order-parameters and the free energy. Of course, only the
solution which minimizes the free energy of the system is thermodynamically
stable. The others correspond to unstable or metastable solutions. If there are two
or more solutions that have the same minimum free energies, these phases coexist
and the system has a first-order phase transition. In the next section, we analyze
the behaviors of the order-parameters and free energy for given system parameters
and as a result we obtain the phase diagrams of the model.

4. THE THERMAL CHANGE OF THE ORDER-PARAMETERS

AND THE PHASE DIAGRAMS

In this section, the variations of the magnetizations, spin-spin correlation
function and the free energy are studied in terms of the recursion relations to
obtain the phase diagrams of the model. As we have noted earlier, the calculations
are carried out for only J1 > 0 and J2 > 0, ferromagnetic couplings in layers
G1 and G2, and J3 > 0 or J3 < 0, ferromagnetic or antiferromagnetic coupling
between the layers, respectively.

The definition of the second-order phase transition or Curie temperature, Tc,
is illustrated in Fig. 2 in terms of the thermal variations of the order-parameters.
The values of J2/J1 = 1.0 and J3/J1 = 1.0 are chosen corresponding to the phase
(I) of the ground state. As seen m, η and ρ begin from 0.75, −0.25 and 0.0 at zero
temperature and as the temperature increases they change gradually and at Tc, m
from above and η from below go to zero where ρ makes a peak at its maximum.
But in the inset of the figure for J3/J1 = −1.0 corresponding to the phase (II) of
the ground state in comparison with the figure for J3/J1 = 1.0, m and η exchange
the roles and ρ changes sign as expected.

The way to obtain the first-order phase transition temperatures, Tt , is illus-
trated in Fig. 3. For this we have plotted the order-parameters and the free energy
with respect to the ratio J3/J1 for given values of the temperature, since as seen in
the ground state phase diagram the positive part of the abscissa is the first-order
phase line separating the phases I and II. At this temperature for J3/J1 = 0, the
free energy of the system jump from phase I to phase II or vice versa. In Fig. 3a, the
change of the magnetizations with respect to J3/J1 is obtained for kT/J1 = 0.35,
J2/J1 = 1.0 and q = 3. As seen m = ±0.25 and η = ±0.75 for J3/J1 < 0. These
values of m and η continues until very close to J3/J1 = 0, where they make lit-
tle peaks, and then they exchange the roles when J3/J1 changes sign. Namely,
m = ±0.75 and η = ±0.25 for J3/J1 > 0. As seen in the insets the free energy
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Fig. 2. The thermal variations of m, η and ρ showing the existence of the second-order phase transitions
for q = 3, J2/J1 = 1.0 and J3/J1 = 1.0 and in the inset J3/J1 = −1.0 corresponding the (I) and (II)
phases, respectively.

is discontinuous at J3/J1 = 0 and ρ gives two small peaks at the two sides of
J3/J1 = 0 with minimum and maximum, respectively. At kT/J1 = 1.64 as shown
in Fig. 3b for J2/J1 = 1.0, the system gives only second-order phase transitions.
Where for J3/J1 = −20.0, m’s start from ±0.2360 and η’s start from ±0.7083. As
J3/J1 is increased from left, m and η decreases until the J3/J1 = −2.28, where
they are zero, indicating the second-order phase transition. At this value ρ shows
its first peak as a minimum. The region enclosed by the wings of the staggered
magnetization corresponds to phase II, i.e. the ferrimagnetic phase. The zero val-
ues of m and η continues until J3/J1 = 2.28, but ρ increases from its minimum to
its maximum, i.e. to its second peak at J3/J1 = 2.28, in this paramagnetic region.
At J3/J1 = 2.28, m and η again exchange the roles, therefore, now the region
enclosed by the wings of the total magnetization corresponds to phase I, i.e. the
ferromagnetic phase. As the temperature is decreased, the wings of the total and
staggered magnetizations get close to each other until some critical temperature,
where these two wings just touch each other at J3/J1 = 0.0, below which the
system only presents first-order phase transitions as shown in Fig. 3a. Again the
J3/J1 behavior of the free energy for these values are included into the figures
as insets, for the first-order phase transitions the two branches of the free energy
corresponding to negative and positive J3/J1 axes combine at J3/J1 = 0 in a
discontinuous manner.
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Fig. 3. The J3/J1 change of m, η and ρ for q = 3 and J2/J1 = 1.0 showing the way of obtaining
the first-order phase transitions a- kT/J1 = 0.35 and the way of obtaining the second-order phase
transitions b- kT/J1 = 1.64.
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Fig. 4. The thermal variations of the layer magnetizations m1 and m2, and mcomp as |m| and |η|
corresponding to phase (II) and phase (I), respectively, for q = 3 and J2/J1 = 0.1 showing the existence
of the compensation temperatures for J3/J1 = 0.1 and in the inset for J3/J1 = −0.1.

The existence of the compensation temperatures, the temperature at which
the layer magnetizations become equal before Tc, is demonstrated in Fig. 4 by
studying the temperature change of the magnetizations. Besides m1 and m2, we
have also illustrated the temperature change of the absolute values of m and
η corresponding to the phases (I) and (II), respectively, to see the places of the
compensation temperatures clearly. The main figure was obtained for J2/J1 = 0.1,
J3/J1 = 0.1 and q = 3 corresponding to the phase (I) and in the inset J3/J1 was
set equal to −0.1 corresponding to phase (II). Thus the existence of only one
compensation temperature is in agreement with the works including the transverse
crystal field(23, 24) and biaxial crystal field(25) effects, where they report finding of
one compensation temperature when these effects are either on or off, but of course
our work does not include any crystal field effects.

After having studied the variations of the order-parameters and the free en-
ergy, we are ready to obtain the phase diagrams of our model on the (kT/J1, J3/J1)
plane for given values of J2/J1 and q. In the phase diagrams, Figs. 5 and 6, the
second- and first-order lines and the lines of the compensation temperatures are in-
dicated with solid, dashed and gray-dashed lines, respectively, and the filled circles
indicate the tricritical points, Tcq , q is the corresponding coordination number. The
different phase regions indicated with (Ferro), (P) and (Ferri) corresponding to
ferromagnetic, paramagnetic and ferrimagnetic phases, respectively. The phases



Critical and Compensation Temperatures of the Ising Bilayer System 979

Fig. 5. The phase diagram of the spin-1/2 and spin-1 Ising model for the bilayer Bethe lattice on the
(kT/J1, J3/J1) plane for q = 3, 4 , 5 and 6. The effect of increasing the q is illustrated.

(Ferro) and (Ferri) are separated with a first-order line at low temperatures which
continues until the tricritical point from which second-order lines emerge for each
given values of q along the J3/J1 = 0 still separating (Ferro) and (Ferri) phases.
These second-order lines for each q continue until the temperature named as TTPq ,
where TP refers to the triple point and where the phases (Ferro), (P) and (Ferri)
all coexist together. At these triple point for each q the second-order lines separate
into two symmetrical wings, i.e. while the upper Tc line separates the (Ferro) and
(P) phases corresponding to J3/J1 > 0 the lower one separates the (Ferri) and (P)
phases corresponding to the J3/J1 < 0.

In Fig. 5, we present the effect of increasing the coordination number q in
the phase diagram for J2/J1 = 1.0. The temperatures Tcq

∼= 0.48, 0.64, 1.01 and
1.24 and TTPq

∼= 1.384, 2.098, 2.794 and 3.481 correspond to q = 3, 4, 5 and
6, respectively. Meanwhile in the limit J3/J1 → ±∞, the second-order phase
transition temperatures become constant at 2.332, 3.64, 5.02 and 6.3 for q = 3, 4,
5 and 6, respectively. So increasing the q does not lead any qualitative changes in
the phase diagram.

The effect of changing J2/J1 values was illustrated in Fig. 6 when q = 3
by setting J2/J1 = 0.1, 0.25, 0.5, 0.75 and 1.0. The tricritical temperatures corre-
sponding to these values of J2/J1 are about 0.07, 0.25, 0.45, 0.47 and 0.48 respec-
tively. It is obvious that as J2/J1 values increase towards 1.0 their tricritical point
temperatures get closer to each other and the critical temperatures are seen at higher



980 Albayrak, Bulut and Yilmaz

Fig. 6. The phase diagram of the model J2/J1 = 0.1, 0.25, 0.5, 0.75 and 1.0 for q = 3. The effect of
changing the J2/J1 values is demonstrated.

temperatures. Namely, as J2/J1 values decrease the paramagnetic phase pushes
the second-order phase transition lines towards to lower temperatures. The TTP3

∼=
0.472, 0.472, 0.694, 1.033 and 1.384 for the J2/J1 values respectively. In addition
in the limit J3/J1 → ±∞, the second-order phase transition temperatures become
constant at 0.7, 0.98, 1.44, 1.92 and 2.38 for J2/J1 = 0.1, 0.25, 0.5, 0.75 and 1.0,
respectively. It is found that the system presents compensation temperatures for
J2/J1 = 0.1 and 0.25 when q = 3 and none was found for J2/J1 = 0.5, 0.75 and
1.0. The compensation temperatures are found by taking the absolute values of
m and η in the regions with phase (II) and phase (I), respectively. Thus for each
values of J2/J1 two symmetrical branch of compensation lines emerging from the
same temperature, i.e. about 0.13 and 0.328 for the corresponding J2/J1 = 0.1 and
0.25, on J3/J1 = 0 are found. As the temperature increases these branches move
to higher |J3/J1| values and eventually end on the corresponding second-order line
at temperatures about 0.5 and 0.508 for J2/J1 = 0.1 and 0.25 and J3/J1 = 0.55
and 0.2, respectively. We should note that for the higher values of the coordination
number the obtained phase diagrams are qualitatively similar, therefore, we have
not presented their phase diagrams in here.

In concluding this section we should note that there are two theoretical works
that we can compare our results with, i.e. the effect of the interlayer exchange
interaction Jinter in coupled Co/Cu/Ni trilayers was studied as motivated by the ex-
periments,(33) where they find an overall agreement with the experimental results,
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see the references there. Their phase diagrams, i.e. Fig. 3, is qualitatively similar
with our phase diagrams presented here. The last work is the one which investi-
gates the phase transitions in a bi-layer lattice gas(34) modeled analogically same
with this work presents a phase diagram again quantitatively similar with our work.
In their phase diagram, Fig. 3, the different phases are indicated as disorder (D),
Full/Empty (FE) and strip (S) which correspond to our (P), (Ferri) and (Ferro)
phases, respectively.

5. CONCLUSIONS

In conclusion, we have studied the bilayer spin-1/2 and spin-1 Ising model on
the Bethe lattice in detail in terms of the intralayer coupling constants J1 and J2 of
the two layers, ferromagnetic case only, interlayer coupling constant J3 between
the layers, ferromagnetic or antiferromagnetic, for given values of the coordination
number q in terms of the recursion relations. The ground state phase diagrams
of the model is obtained on the (J2/|J1|, J3/q|J1|) plane for J1 > 0. Then, by
studying the variations of the order-parameters and the free energy, the phase
diagrams of the model are obtained on the (kT/J1, J3/J1) planes for given values
of J2/J1 and coordination numbers. As a result, we have found that the system
presents both first- and second-order phase transitions for all values of q. The
first-order lines separate the two ordered phases, i.e. (Ferro) and (Ferri) phases at
low temperatures which continue until the tricritical point. Between the two wings
of the second order lines is the disordered phase, i.e. paramagnetic phase. It is
found that the system also presents compensation temperatures for lower values
of the J2/J1, i.e. when J2 < J1 the magnetization of layer G2 with spin-1 can
compensate the magnetization of layer G1 with spin-1/2.

Since J3 is the bilinear interlayer interaction between the layers G1 and G2,
when it equals to zero the two layer Bethe lattice reduces to the two independent
single layer lattices with only spin-1/2 and spin-1, respectively. When J3 �= 0, the
layers can interact with each other and as seen from the ground state figures when
J3 > 0 the interaction is ferromagnetic type while for J3 < 0 is the ferrimagnetic
type. At low temperatures along the J3 = 0 axis, these two phases are symmetric
and, therefore, the free energy has two minimums, thus as this axis is passed,
which corresponds to a sign change for J3, the system jumps from one minimum
to the other, therefore, a first-order phase transition is seen. As the temperature
is increased the potential barrier between these two minimums of the free energy
decreases and, therefore, when the system passes from (Ferro) to (Ferri) phases no
extra energy is required since it is obtained from the temperature itself, now only
a second-order phase transition is seen separating (Ferro) and (Ferri) phases. It
should also be mentioned that these two lines merge with each other at a tricritical
temperature Tcq as explained in the text. As the temperature is increased further,
because of the competitions between the bilinear interactions and the temperature,
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the paramagnetic phase is also seen. At high temperatures the bilinear interactions
can not afford to hold the system in the ordered phase, the temperature causes the
spins to move randomly corresponding to the paramagnetic (P) case, separating
the (Ferro) and (Ferri) phases. Finally, for very high temperature only (P) phase
is seen as expected. It should be mentioned that the intersections of these three
phases connect at a temperature below which J3/J1 = 0 line separates (Ferro)
and (Ferri) phases above Tcq with a second-order line and above the intersection
point temperature of these three phases the upper wing of the second-order line
with J3/J1 > 0 separates (Ferro) and (P) phases and the lower wing of the other
second-order line J3/J1 < 0 separates the (Ferri) and (P) phases. Therefore, the
point where these three phases coexist maybe called as a triple point of second-
order type meaning that at this temperature the system can go either of these
phases without need of any extra energy.
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